
‘ì†‹���Ñ����Üa@òŠb��å��à@ @
pb�ïá©a@óibïä@ @

‘ì‹«@�‹Ð@âÔŠ@01@ @
ô�Üìÿa@òŠì‡ÜaZ@@2009O2010@ @

óïšbîŠ@ãíÝÈ@Ûbi@ô�Üìÿa@ @
@ˆ@ZÜ@æi@�a‡jÈ��nƒ@ @

: 02 30Durée h 
•••• @âÔŠ@æî‹ánÜa10Z( )02 pts 

1(−@òŠbjÉÜa@ðÑä@knØc@@ZII( ) 2,x x x∀ ∈ ∈ ⇒ ∈ℝ ℚ ℚHHZpN@@ @
2(−@@òŠbjÉÜa@çc@µ��i@L@†b›á�Üa@ßbrá�Übi@ßý‡n�fia@ßbáÉn�bip@óø�b‚@N@ @
•••• @âÔŠ@æî‹ánÜa20Z( )02 pts@ 

���� ð�Ð@Þy2
ℝ@óÜ†bÉá�Üa@@Z( ) : 2 1 4 4x y x yΕ − + − = +N@  

•••• Š@æî‹ánÜa@âÔ30Z( )02 pts 

ÞÙÜnæà@ℕ@Ê›ä@L@@Z( ) 2 7 12n n nΡ = + +N@  

1(−�@çc@µ��i@Z( ) ( ) ( ) ( )
2 2

, 3 4n n n n∀ ∈ + Ρ +ℕ < <N@@ @

2(−�@çc@µ��i@L@ÒÝ©bi@ßý‡n�fia@ßbáÉn�bi@Z( ) ( ),n n∀ ∈ Ρ ∉ℕ ℕN@@ @
•••• ánÜa@âÔŠ@æî‹04Z( )02 pts@@ @

���� @çc@µ��i@Z( ) 6 5 4 3 2 3
, 0

4
x x x x x x x∀ ∈ − + − + − +ℝ >N@ 

@IóÜby@ó�aŠ†ì@L@pýb¨a@Þ—Ñi@ßý‡n�fia@ÚåÙá�îZ@@0x ≤@ì@1x ≥@ì@0 1x< <N@H@@ @
•••• @âÔŠ@æî‹ánÜa50Z( )03pts@� �

æÙnÜaì@bì@cì@d@óÑÝn¬@ì@bÉLÔ@ójuíà@óïÕïÕy@a†a‡Èc@béåïi@báïÐôårà@ôåràN@@ @

���� @çc@µ��i@Z
2

2

a b
ab
 +    

<@@âq@L@çc@wnån�g@Z
4

4

a b c d
abcd

 + + +    
<N@@ @

•••• @âÔŠ@æî‹ánÜa60Z( )03pts 

1(−i@��@çc@µZ@( ) ( ) ( )
2* 2 2, , 1 1 2x y x y x y+∀ ∈ + = ⇒ +ℝ < ≤N@@ @

2(−@çc@wnån�g@@Z( ) ( ) ( )
2* 2 2, , 1 2 1x y x y x y−∀ ∈ + = ⇒ − +ℝ ≤ < −@N 

•••• @âÔŠ@æî‹ánÜa70Z( )03pts  

æÙïÜnæà@*
ℕN@@ @

1(−@@@@i��äc@µçbØ@aˆg@ê@n@L@bî†‹Ð@@çhÐ4n k r= +@sïy@k∈ℕ@ì@{ }1;3r ∈N@  

2(−�ii@ßý‡n�fia@ßbáÉn�b�@çc@µ��i@L@÷ÙÉÜa@†b›áI@ZnðuìŒ@†‡È@H⇒I2 1n −@@ýôÝÈ@óá�ÕÜa@ÞjÕî8N@H@ 

•••• @âÔŠ@æî‹ánÜa80Z@( )03pts@ 

1(−@ÞÙÜ@êäc@Êu�Übi@µ��inæà@ℕ@L@( )2 5n n +ôÝÈ@óá�ÕÜa@ÞjÕî@6N@� �

2(−�@çc@Êu�Übi@µ��i@Z( )
( )1 1

*

1

4 5 5 44
,

5 5

k n nn

n
k

n
n k

+ +

=

  × − +∀ ∈ =  ∑ℕ@N� �



‘ì†‹���Ñ����Üa@òŠb��å��à@ @

pb�ïá©a@óibïä@ @

@|ïz—m‘ì‹«@�‹Ð@âÔŠ@01@ @

ô�Üìÿa@òŠì‡ÜaZ@@2009O2010@ @

óïšbîŠ@ãíÝÈ@Ûbi@ô�Üìÿa@ @

@ˆ@ZÜ@æi@�a‡jÈ��nƒ@ @

•••• @âÔŠ@æî‹ánÜa10Z  

1(−oäbØ@aˆg@sì@t@çhÐ@L@µmŠbjÈ@@Z( ) ( s و ( t s t⇒ ⇔ N@ @

@çˆg@òŠbjÉÜa@ðÑä@ZII( ) 2,x x x∀ ∈ ∈ ⇒ ∈ℝ ℚ ℚHHZp@@òŠbjÉÜa@ðèZ@ @
))��( ) 2/ x و  x x∃ ∈ ∈ ∉ℝ ℚ ℚ�((:p@ @

2(−@çc@µjäpózïz–@òŠbjÈ@N@@ @
‰‚dä2x =båî‡Ü@@Z@2 2x = ∈ℚ@ì@çc@âÝÉä@2 ∉ℚçˆg@L@p@ózïz–@òŠbjÈ@N@ @

çhÐ@ðÜbnÜbi@ìp@óø�b‚@òŠbjÈ@N@ @
•••• @âÔŠ@æî‹ánÜa20Z( )02 pts@ 
���� óÜ†bÉ¾a@çíÙm( )Ε@@çbØ@aˆg@óÐ‹Éà[ [1;x ∈ +∞@ì@[ [4;y ∈ +∞N@ 

@båî‡Ü@L@óÜb¨a@ë‰è@ð�Ð@ìZ@ @
( )

( ) ( )

( ) ( )

2 2
2 2

2 2

2 1 4 4 0

     1 2 1 1 4 4 4 4 0

     1 2 1 1 4 2 2 4 2 0

     1 1 4 2 0

1 1 0
     

4 2

2
     

8

x x y y

x x y y

x x y y

x y

x

y

x

y

Ε ⇔ − − + − − =

⇔ − − − + + − − − + =

⇔ − − − + + − − × × − + =

⇔ − − + − − =

 − − =⇔ 
 − −
 =⇔ 
 =

@ @

@çhÐ@L@ðÜbnÜbi@ì@Z( ){ }2;8S =N@ 

•••• @âÔŠ@æî‹ánÜa30Z  

ÞÙÜnæà@ℕL@@Ê›ä@@Z( ) 2 7 12n n nΡ = + +N@  

1(−�ÞÙÜnæà@ℕ@båî‡Ü@L@Z@ @

( ) ( ) ( ) ( )2 2 24 8 16 7 12

                        4 4

n n n n n n

n

+ − Ρ = + + − + +

= + ≥
� �

ì@( ) ( ) ( ) ( )2 2 23 7 12 6 9

                        3 3

n n n n n n

n

Ρ − + = + + − + +

= + ≥
@ @

���� @çˆgZ@( ) ( ) ( )
2

, 4n n n∀ ∈ + Ρℕ >@ì@@( ) ( ) ( )
2

; 3n n n∀ ∈ Ρ +ℕ > 

@çhÐ@L@ðÜbnÜbi@ì@Z( ) ( ) ( ) ( )
2 2

, 3 4n n n n∀ ∈ + Ρ +ℕ < <N@@ @



2(−@çc@ÒÝ©bi@µjä@@Z( ) ( ),n n∀ ∈ Ρ ∉ℕ ℕN@@ @
���� @êäc@��ÑåÜ@Z( ) ( ),n n∃ ∈ Ρ ∈ℕ ℕ 

@çˆg@Z( ) ( )/a n a∃ ∈ Ρ =ℕ@êäc@ôåÉ·@L@@Z( ) ( ) 2/a n a∃ ∈ Ρ =ℕ@@ @
ßaü�Üa@óvïnä@ßbáÉn�bi@ì1(−�@êäc@wnån�ä@Z( ) ( ) ( )

2 22/ 3 4a n a n∃ ∈ + +ℕ < <N@@ @
µÉibnn¾a@µÉi‹¾a@µi@ÞàbØ@Êi@‹à@‡uíî@ý@êäÿ@L@YÔbåm@a‰è@ì( )

2
3n +ì@( )

2
4n +@N@öô�b‚@båša�Ðg@çˆg@ @

@çhÐ@ðÜbnÜbi@ì@Z( ) ( ),n n∀ ∈ Ρ ∉ℕ ℕN@ 

•••• @âÔŠ@æî‹ánÜa40Z 
���� @pýb¨a@Þ—Ñi@µjä@Z0x ≤@ì@1x ≥@ì@0 1x< <@çc@Z 

( ) 6 5 4 3 2 3
, 0

4
x x x x x x x∀ ∈ − + − + − +ℝ >N@@ @

ÞÙÜxæà@ℝ@Ê›ä@L@@Z( ) 6 5 4 3 2 3

4
x x x x x x xΡ = − + − + − +N@@ @

���� @óÜby@ð�Ð0x ≤@båî‡Ü@L@@Z 
6 4 2 0x x x+ + ≥@ì@( )5 3 0x x x− + + ≥@I@@çÿ@Z5 3 0x x x+ + ≤H@@ @
@çˆg@Z( )6 4 2 5 3 0x x x x x x+ + − + + ≥N@@ @

@çhÐ@êåà@ìZ( ) ( )
3

,
4

x x−∀ ∈ Ρℝ ≥@N@ @
���� @óÜby@ð�Ð1x ≥@båî‡Ü@L@Z 

( )6 5 5 1 0x x x x− = − ≥@ì@( )4 3 3 1 0x x x x− = − ≥@ì@( )2 1 0x x x x− = − ≥@ @

@çˆg@Z[ [( ) ( )
3

1; ,
4

x x∀ ∈ +∞ Ρ ≥@N@ @
���� @óÜby@ð�Ð@ì0 1x< <@båî‡Ü@L@Z 

( ) ( )

( )

2 6 3 4 5

2 2
3 4

1 1 1

4 4 4

1 1 1
       1

2 2 4

x x x x x x x

x x x x

     Ρ = − + + − + + − +       

     = − + − + − +       

@ @

i@ì�@çc@bá@Z
2

1
0

2
x

  −   
≥@ì@

2
3 1

0
2

x
  −   

≥@ì@( )4 1 0x x− >L@@çhÐ@@Z] [( ) ( )
1

0;1 ,
4

x x∀ ∈ Ρ >N@@ @

çˆg@Z@( ) ( )
1

,
4

x x∀ ∈ Ρℝ >@@çhÐ@ðÜbnÜbi@ì@L@Z( ) ( ), 0x x∀ ∈ Ρℝ >@N� �

•••• @âÔŠ@æî‹ánÜa50Z  

����  ÞÙÜaì@bæà@*+
ℝ@båî‡Ü@L@Z 

( ) ( )
2 22 4

2 4 4

a b ab a ba b
ab

  + − −+  − = =  
@ @

i@ì�@çc@báa b≠@çhÐ@L@@Z( )
2

0a b− >@N@@çˆg@Z
2

2

a b
ab

 +    
<N@ 



���� @xbnån�gZ 
oäbØ@aˆgaì@bì@cì@dÈc@@çhÐ@L@ôårà@ôårà@béåïi@báïÐ@óÑÝn¬@ì@bÉ`Ô@ójuíà@óïÕïÕy@a†a‡Z@ @

2

2

a b
ab

 +    
<@ì@

2

2

c d
cd

 +    
<N@@ @

@ôÝÈ@Þ—®@L@µnÕib�Üa@µnmìbÑn¾a@ð�Ð‹�@l‹›i@ì@Z
( ) ( )

2

4

a b c d
abcd

 + × + <N@@ @

i@ì�@çc@bá@Z( ) ( )
( ) ( )

2

2

a b c d
a b c d

 + + +  + × +    
≤@ @

@çhÐ@Z
( ) ( ) ( ) ( )

2 4

4 2

a b c d a b c d
abcd

   + × + + + +       
2

1< ≤
4

@N@ @

@líÝ`¾a@ÖÕznî@ÚÜ‰i@ìN@ @
•••• @âÔŠ@æî‹ánÜa60Z 
1(−�ÞÙÜxì@yæà@*+

ℝ@sï¢@2 2 1x y+ =@båî‡Ü@L@Z@ @

( ) ( ) ( ) ( )
2 2 22 22 2 0x y x y x y x y+ − = + − + = − − ≤�� �

@çˆgZ@( )
2

2x y+ ≤@çc@ôåÉ·@L@@Z2x y+ ≤N@@ @
���� @õ‹‚c@óéu@æà@ìZ 

@båî‡Ü@Z( )2 2 2 1 0 1x x y x+ = ⇒< < <@@@ì( )2 2 2 1 0 1y x y y+ = ⇒< < <@ @

i@ì�@çc@bá@Z( ) ( ) ( ) ( ) ( )2 21 1 1x y x y x y x x y y+ − = + − + = − + −@ @
@çhÐ@Z( ) 1 0x y+ − >N@@ @

@çˆg@Z( ) ( ) ( )
2* 2 2, ; 1 1 2x y x y x y+∀ ∈ + = ⇒ +ℝ < ≤N@@ @

2(−�æÙïÜxì@yæà@*−
ℝsï¢@2 2 1x y+ =N@@ @

i�@çc@bá@Z*x +− ∈ℝ@ì@*y +− ∈ℝ@ì@( ) ( )
2 2 2 2 1x y x y− + − = + =@ @

@çhÐ@Z( ) ( )1 2x y− + −< ≤@ @
@çˆg@Z2 1x y− +≤ < −N@@ @

•••• @âÔŠ@æî‹ánÜa07Z 
1(−�æÙïÜnæà@*

ℕì@n@ñ†‹Ð@†‡È@N@ @
‡uíî@êäc@âÝÉäk ∈ℕì@{ }0;1;2;3r ∈@sïz�i@@Z4n k r= +N@@ @

ìi@�çc@bánçhÐ@ñ†‹Ð@{ }0;2r ∉@I@çbØ@íÜ@ˆg{ }0;2r ∈çbÙÜ@n@æÙ¿@�Ì@a‰è@ì@bïuìŒ@H@ @
@çˆg@Z4n k r= +sïy@k ∈ℕ@ì@{ }1;3r ∈N@@ @

2(−@çc@ôÝÈ@÷ÙÉÜa@†b›·@çbè�ÝÜ@Z@ @
In@ðuìŒ@†‡È@H⇒I2 1n −@ôÝÈ@óá�ÕÜa@ÞjÕî@ý@8@H@ @
@çc@µjä@I@Z2 1n −@ôÝÈ@óá�ÕÜa@ÞjÕî@8H@⇒@In@ñ†‹Ð@†‡È@N@H@ @



���� çbØ@aˆgn@çhÐ@L@bî†‹Ð@a†‡È@@Z4n k r= +sïy@k ∈ℕ@ì@{ }1;3r ∈ 

@óÜby@ð�Ð1r =@båî‡Ü@L@Z@ @
( ) ( ) ( )

22 1 4 1 1 4 4 2 8 2 1n k k k k k− = + − = × + = +@ @
@çˆg2 1n −@ôÝÈ@óá�ÕÜa@ÞjÕî@8N@@ @

@óÜby@ð�Ð@ì3r =@båî‡Ü@L@Z@ @
( ) ( ) ( ) ( )( )

22 1 4 3 1 4 2 4 4 8 1 2 1n k k k k k− = + − = + × + = + +@ @
@çˆg2 1n −@ôÝÈ@óá�ÕÜa@ÞjÕî@8N@@ @

@çhÐ@L@ðÜbnÜbi@ì@I@Z2 1n −@ôÝÈ@óá�ÕÜa@ÞjÕî@8H@⇒@In@ñ†‹Ð@†‡È@N@@H@ @
•••• @âÔŠ@æî‹ánÜa08Z 

1(−@çc@Êu�Übi@µjä@@Z( )
( )2 5

,
6

n n
n

+
∀ ∈ ∈ℕ ℕN@@ @

���� ß@ój�åÜbi0n =@båî‡Ü@L@@Z
( )20 0 5

0
6

× +
= ∈ℕN@ 

���� æÙïÜnæà@*
ℕsï¢@@

( )2 5

6

n n +
∈ℕ@I@@Êu�Üa@�a�ÐgH@båî‡Ü@L@Z 

( ) ( ) ( ) ( ) ( )

( ) ( ) ( )( )

( )

( ) ( )

2 2

2 2

2 2

2

1 1 5 1 5 2 1

6 6

5 5 1 2 1
                               

6

5 3 3 6
                               

6 6

5 1
                               1

6 2

n n n n n

n n n n n

n n n n

n n n n

   + + + + + + +      =

 + + + + + +  =

+ + +
= +

+ +
= + +

@ @

@çc@bá�i@ì@Z( )1

2

n n +
∈ℕ@ì@

( )2 5

6

n n +
∈ℕ@I@@Êu�Üa@�a�Ðg@k�yH@ @

@çhÐ@Z
( ) ( )

2
1 1 5

6

n n + + +   ∈ℕN@@ @

@çhÐ@ðÜbnÜbi@ì@Z( )
( )2 5

,
6

n n
n

+
∀ ∈ ∈ℕ ℕN@@ @

2(−@çc@Êu�Übi@çła@µjä@@Z( )
( )1 1

*

1

4 5 5 44
,

5 5

k n nn

n
k

n
n k

+ +

=

  × − +∀ ∈ =  ∑ℕN@@ @

���� @Þuc@æà1n =@båî‡Ü@L@@Z
1

1

4 4

5 5

k

k

k
=

  =  ∑@ì@
( )1 1 1 1

1

4 5 5 1 4 100 96 4

5 5 5

+ +× − + −
= = 

Þuc@æà@óÕÕ«@óÕib�Üa@óÔþÉÜa@çˆg1n =N@@ @



���� @çc@��ÑåÜ@Z( )1 1

1

4 5 5 44

5 5

k n nn

n
k

n
k

+ +

=

  × − + =  ∑sïy@{ }* \ 1n ∈ℕN@ 

@çc@µjåÜ@ì@Z
( ) ( )( ) ( )1 1 1 11

1
1

4 5 5 1 44

5 5

n nkn

n
k

n
k

+ + + ++

+
=

× − + +  =  ∑@I@@____N@H@ @

@båî‡Ü@Z( )
11

1 1

4 4 4
1

5 5 5

k k nn n

k k

k k n
++

= =

         = + +             ∑ ∑@ @

@ôÝÈ@Þ—®@L@Êu�Üa@�a�Ðg@ßbáÉn�bi@ìZ@ @

@( )
( )

11 11

1

4 5 5 44 4
1

5 5 5

k nn nn

n
k

n
k n

++ ++

=

   × − +  = + +       ∑@ @

@çˆgZ@ @
( ) ( )

( ) ( ) ( )

( ) ( )

( ) ( ) ( )

( )

1 1 11

1
1

1 1 1

1

1 1 1

1

1 1 1 1

1

1 1

5 4 5 5 4 1 44
5 5

4 5 1 5 5 4
               

5

4 5 24 4 4
               

5

4 5 6 4
               

5

4 5
               

n n nkn

n
k

n n

n

n n

n

n n

n

n

n n
k

n n

n

n

+ + ++

+
=

+ + +

+

+ + +

+

+ + + +

+

+ +

 × − + + +     =  

 × + + − + =

× − +
=

× − +
=

×
=

∑

( )( ) ( )1 1

1

5 1 4

5

n

n

n + +

+

− + +

@ @

@çhÐ@ðÜbnÜbi@ì@Z( )
( )1 1

*

1

4 5 5 44
,

5 5

k n nn

n
k

n
n k

+ +

=

  × − +∀ ∈ =  ∑ℕN@@ @

@ @
 

 
@ @




